Super Automorphic Forms on the Super Upper Half Plane by Knevel, Roland
ar
X
iv
:0
90
8.
45
66
v3
  [
ma
th.
CV
]  
15
 A
ug
 20
12
Super automorphic forms on
the super upper half plane
Roland Knevel
Unite´ de Recherche en Mathe´matiques Luxembourg
Campus Kirchberg
Mathematical Subject Classification
32C11 (Primary) , 11F55 (Secondary) .
Keywords
Super symmetry, automorphic and cusp forms, local deformation of lattices,
holomorphic vector bundles on compact Riemann surfaces.
Abstract
Let H |r denote the upper half plane H with r additional odd (anticommut-
ing) coordinates. It admits a transitive super action of a certain super Lie
group G . First we define the spaces of super automorphic and cusp forms
on H |r for an ordinary lattice Γ of G , give an asymptotic formula for their
dimensions for high weight and show how to embed Γ\H |r into the super
projective space with the help of super automorphic forms. For involving
also the odd directions of G we introduce local super deformation of lattices
in G and show that for high weight the spaces of super automorphic and
cusp forms are stable under such local super deformations.
Introduction
By now, super symmetry has been a current topic in physics for a long
time with fruitfull influence on mathematics: Algebraic super structures
and super manifolds were first invented as suitable mathematical tools for
describing super symmetry in physics, but then they became more and
more an independent field of research because of the elegance of the theory
itself and the natural appearence among well-known classical mathematical
structures, think for example of sheaves of differential forms. In purely
mathematical context ’super’ means: add ’odd (anticommuting) directions’
to ’classical’ objects. This leads to Z2-graded structures and the notion of
super commutativity. So the theory of super manifolds embeds into the
wide field of non-commutative geometry. I do not want to give a complete
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introduction to super manifolds here, the reader is referred to the literature,
for example [1], [3] or [6]. However, in section 1 I will briefly recall the
definition and basic properties of the super upper half plane H |r as a super
domain. Let me remark that there are two almost equivalent ways of
describing super manifolds: via super numbers and via ringed spaces. Here
I prefer the second one since it is more adapted to function spaces.
Riemann surfaces have continuously been objects of interest in mathemat-
ics. Most of them can be written as the upper half plane H divided by
a lattice in AutH ≃ SL(2, IR)/{±1} , which leads to a relatively simple
description of their moduli spaces, see [9]. Finally automorphic forms play
an important role in mathematics because of their connections to number
theory, representation theory and algebraic geometry. For physicists they
are of interest as an example of geometric quantization. In this article these
three concepts will be combined.
We let a certain real super Lie group G act on H |r , and we want to fix a
’lattice’ in G . A simple calculation shows that any (0, 0)-dimensional sub
super Lie group of G is nothing but an ordinary discrete subgroup in the
body G of G , and so up to this level we can forget about the odd directions
of G . So how can we generalize the notion of a ’lattice’ in G in order to
involve also the odd directions of G ? The answer is: local super deforma-
tion. A single lattice in G has no chance to see the odd directions, but a
whole family of lattices of course does if at least some of the ’parameters’
parametrizing the family are odd and so all ’parameters’ together generate a
super commutative super algebra P . Such families will be called P-lattices,
they are local super deformations of the embedding of a single lattice into G .
There is some hope that as in the classical case super automorphic forms
for a P-lattice Υ will become a tool for
• decomposing the left translation of the super Lie group G on some
space of super functions on G/Υ . The first aim will be to find an
appropriate analogon for the classical L2-space since integrability con-
ditions do not make sense in the case of a P-lattice,
• identifying the quotient Υ∖H |r with some super algebraic variety, see
theorem 2.5 (iii) as a first step.
The paper is organized as follows: In section 2 we deal with the case of an
’ordinary’ lattice in G . Already this case is not at all trivial, and we give
an asymptotic formula for the dimension of the spaces of super automorphic
and super cusp forms for high weight k , see theorem 2.5 . This is done by
writing super automorphic forms as global sections of vector bundles on
the compact Riemann surface X := Γ#
∖
H ∪ {cusps} , where Γ# denotes
the underlying lattice in AutH .
While the classical deformation theory of lattices is already well-established,
see [10], in section 3 we talk about the generalization to the super case,
giving both precise definitions, non-trivial examples and the connection
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with cohomology. Finally in section 5 we discuss super automorphic and
cusp forms for P-lattices. The main result here is the stability of the space
of super automorphic forms for an ordinary lattice under its local super
deformations for high weight k , see theorem 5.9, which is obtained as a
special case of local sheaf deformation discussed in section 4. In the special
case r = 0 (so the usual upper half plane without odd coordinates) one
already knows stability as soon as k ≥ 2 or the genus g of Γ\H ∪ {cusps}
is ≤ 1 by a different method, see [7] section 6. There one also finds a
counterexample for the remaining case k = 1 and g ≥ 2 .
Acknowledgement: I have to thank M. Schlichenmaier from Luxembourg
and T. Bauer from Marburg for many helpful comments during the writing
process and the Fonds National de la Recherche Luxembourg for funding
my research stay at Luxembourg university.
1 the general setting
Let r ∈ IN (later in section 5 we have to exclude the case r = 2 )
and (GL(2,C)×GL(r,C))|4r be the complex super Lie group with body
GL(2,C)×GL(r,C) and 4r additional odd (anticommuting) complex coor-
dinates, where we sum up the 4 + r2 even and 4r odd complex coordinates
into an even super matrix
g =
 a b µc d ν
ρ σ E
 } 2}
r
.
The equations gIg∗ = I and Ber g = 1 , where I :=
 0 i−i 0 0
0 1
 ,
and Ber g := det
((
a b
c d
)
−
(
µ
ν
)(
ρ σ
))
detE−1 denotes the super
determinant (the so-called Berezinian) of g , define a real super Lie group G
of super dimension (3 + r2, 4r) with body
G :=
{(
εh 0
0 E
) ∣∣∣∣ ε ∈ U(1), h ∈ SL(2, IR), E ∈ U(r), ε2 = detE}
and super Lie algebra g = g0 ⊕ g1 ,
g0 :=

 a+ 12trD bc −a+ 12trD 0
0 D
∣∣∣∣∣∣ a, b, c ∈ IR,D ∈ u(r)

≃ sl(2, IR)⊕ u(r) ,
g1 :=

 0 v∗−u∗
u v 0
∣∣∣∣∣∣ u,v ∈ Cr
 .
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Let H |r denote the usual upper half plane H := {Im > 0} ⊂ C with r
additional odd (anticommuting) complex coordinate functions. Then H |r is
in particular a super domain, and we recall the basic properties.
As a super domain H |r is defined as the ringed space (H,OH ⊗
∧
(Cr)) ,
OH ⊗
∧
(Cr) being a sheaf of complex unital associative super commu-
tative super algebras, the sheaf of holomorphic super functions on H |r (by
definition Z2-graded). This sheaf even admits a Z-grading coming from the
well-known Z-grading
∧
(Cr) =
⊕r
ρ=0
∧ρ (Cr) of the exterior algebra, and
for U ⊂ H open we write O (U |r) := O(U) ⊗ ∧ (Cr) = ⊕rρ=0Oρ (U |r) ,
where Oρ (U |r) := O(U)⊗∧ρ (Cr) . The odd complex coordinates of H |r ,
which are nothing but the standard basis vectors in
∧1 (Cr) = Cr , will
always be denoted by ζ1, . . . , ζr . We denote the power set of {1, . . . , r} by
℘(r) , and for every I ∈ ℘(r) , I = {i1, . . . , iρ} , i1 < · · · < iρ , we write
ζI := ζi1 · · · ζiρ .
Therefore every holomorphic super function f ∈ O (U |r) has a unique de-
composition f =
∑
I∈℘(r) fIζ
I , all fI ∈ O(U) . The super automorphisms of
H |r are by definition the automorphisms of H |r as a ringed space. So every
super automorphism Φ of H |r has an underlying ordinary automorphism
Φ# ∈ AutH , which is called the body of Φ . In practice the super automor-
phisms of H |r are given by tuples (f, λ1, . . . , λr) ∈ O
(
H |r
)
0
⊕ O (H |r)⊕r
1
,
and in this notation the body is given by f# ∈ O(H) , where we denote by
# the OH -linear extension of the canonical projection # :
∧
(Cr)→ C .
We have a transitive holomorphic super action α : G ×H |r → H |r of G on
H |r given by super Mo¨bius transformations
g
(
z
ζ
)
:=
1
cz + d+ νζ
(
az + b+ µζ
ρz + σ + Eζ
)
, g =
 a b µc d ν
ρ σ E
 .
Its body α# : G⊗H → H extends the well-known action of
SL(2, IR) →֒ G , h 7→
(
h 0
0 1
)
on H by classical Mo¨bius transformations. By α we have a group homomor-
phism fromG into the group of super automorphisms ofH |r , and if we apply
in addition the body functor from H |r to H to these super automorphisms
we even obtain a group homomorphism
# : G→ AutH ≃ SL(2, IR)/{±1} ,
(
εh 0
0 E
)
7→ h ,
ε ∈ U(1) , h ∈ SL(2, IR) , E ∈ U(r) , ε2 = detE . G0 := ker# ⊏ G is a
compact subgroup. Since G is an almost direct product of SL(2, IR) and
G0 ⊏ G we see that G is unimodular.
4
By the way, via a super Cayley transform mapping biholomorphically the
super unit disc B|r onto the super upper half plane H |r by super Mo¨bius
transform this situation is equivalent to the one treated in [2] , where
the super Lie group SU(1, 1|r) acts on B|r via super Mo¨bius transformations.
For a lattice Γ ⊏ G , which means by definition discrete of finite covolume,
we define Γ0 := Γ∩G0 ⊏ G0 finite , Γ# :=
{
γ#
∣∣ γ ∈ Γ} ⊏ AutH and Γˇ to be
the preimage of Γ# under the canonical projection : SL(2, IR) → AutH .
Then Γˇ ⊏ SL(2, IR) →֒ G is at the same time the set of all h ∈ SL(2, IR)
such that there exists η ∈ G0 with hη ∈ Γ . Moreover:
Lemma 1.1 Γ# ⊏ AutH and Γˇ ⊏ SL(2, IR) are lattices.
Proof: Γ# and Γˇ are trivially discrete. For proving that Γ# and Γˇ are of
finite covolume let Ω ⊂ SL(2, IR) be open such that Γˇ Ω = SL(2, IR) and
γˇΩ ∩ Ω 6= ∅ for only finitely many γˇ ∈ Γˇ . Then the same is true for ΩG0
with respect to Γ . So vol ΩG0 <∞ and so also vol Ω <∞ . 
So X := Γ#
∖
H ∪ {cusps of Γ#∖H} has the structure of a compact Rie-
mann surface. Let πX : H → Γ#
∖
H →֒ X denote the canonical projection.
Let z0 ∈ ∂IP1H , then there exists g ∈ AutH such that g i∞ = z0 . For
using the standard notation we call N z0 := gN i∞g−1 ⊏ AutH the nilpotent
subgroup associated to z0 , where N
i∞ is the image of the group embedding
IR →֒ AutH assigning to t ∈ IR the translation z 7→ z + t , and we call an
open set U ⊂ H a neighbourhood of z0 iff there exists R > 0 such that
g {Im z > R} ⊂ U . If z0 is a cusp of Γ#
∖
H then the neighbourhoods of
z0 in H are precisely the subsets U ⊂ H such that πX(U) is a punctured
neighbourhood of z0 in X .
In the end of this section let us discuss two examples of lattices Γ ⊏ G :
Examples 1.2
Let γ0 :=
(
ε012 0
0 E0
)
∈ G0 be of finite order N with E0 ∈ U(r) ,
ε0 ∈ U(1) , ε20 = detE0 .
〈i〉 R :=
(
0 1
−1 −1
)
and S :=
(
0 1
−1 0
)
∈ SL(2, IR) generate
SL(2,Z) . Let furthermore E,F ∈ ZU(r) (E0) such that E3 = Em0 ,
F 2 = En0 and detF = −εn0 for some m,n ∈ IN , ε, η ∈ U(1) such that
ε2 = detE , η2 = detF and ε3 = εm0 . Then γ0 ,
Rˆ :=
(
εR 0
0 E
)
and Sˆ :=
(
ηS 0
0 F
)
generate a lattice Γ ⊏ G with Γ0 = 〈γ0〉 and Γˇ = SL(2,Z) . It is the
free group in γ0 , Rˆ and Sˆ moludo the relations
Rˆ3 = γm0 , Sˆ
2 = γn0 ,
[
Rˆ, γ0
]
=
[
Sˆ, γ0
]
= γN0 = 1 .
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〈ii〉 Let X be a compact Riemann surface of genus g∗ , m ∈ IN ,
3g∗ + m ≥ 4 , and s1, . . . , sm ∈ X . Then the universal covering
of X \ {s1, . . . , sm} is isomorphic to H , and by [9] one can write
X \ {s1, . . . , sm} = Γ′\H , where Γ′ ⊏ SL(2, IR) is a lattice without
elliptic elements, −1 /∈ Γ′ and Γ′ ≃ π1 (X \ {s1, . . . , sm}) . It is the free
group generated by some hyperbolic elements A1, B1, . . . , Ag∗ , Bg∗ and
parabolic elements C1, . . . , Cm ∈ SL(2, IR) modulo the single relation
[A1, B1] · · · [Ag∗ , Bg∗ ]C1 · · ·Cm = 1 .
Let furthermore Ek, Fk,Hl ∈ ZU(r) , k = 1, . . . , g∗ , l = 1, . . . m , such
that [E1, F1] · · · [Eg∗ , Fg∗ ]H1 · · ·Hm = E0 and εk, ηk, ϑl ∈ U(1) such
that ε2k = detEk , η
2
k = detFk , ϑ
2
l = Hl , k = 1, . . . , g
∗ , l = 1, . . . m ,
and ϑ1 · · · ϑm = ε0 . Then γ0 ,
Aˆk :=
(
εkAk 0
0 Ek
)
, Bˆk :=
(
ηkBk 0
0 Fk
)
, k = 1, . . . , g∗ ,
and Cˆl :=
(
ϑlCl 0
0 Hl
)
, l = 1, . . . ,m ,
generate a lattice Γ ⊏ G with Γ0 = 〈γ0〉 , Γ# = Γ′ and[
Aˆ1, Bˆ1
]
· · ·
[
Aˆg∗ , Bˆg∗
]
Cˆ1 · · · Cˆm = γ0 .
If m ≥ 1 then Γ is the free group in the generators γ0 , Aˆk , Bˆk ,
k = 1, . . . , g∗ , and Cˆl , l = 1, . . . ,m− 1 (!) , modulo the relations[
Aˆk, γ0
]
=
[
Bˆk, γ0
]
=
[
Cˆl, γ0
]
= γN0 = 1 .
If m = 0 then necessarily γ0 = 1 , and so Γ is the free group in the
generators Aˆk , Bˆk , k = 1, . . . , g
∗ , moludo the single relation[
Aˆ1, Bˆ1
]
· · ·
[
Aˆg∗ , Bˆg∗
]
= 1 .
2 super automorphic forms for ordinary lattices
On G ×H |r we have a cocycle j ∈
(
D(G)C⊠ˆO (H |r))
0
, where
D(G) ≃ C∞(G)⊗∧(IR4r) , G being the body of G , denotes the space of (real
valued smooth) super functions on G and by ’⊠’ we denote the Z2-graded
tensor product, given by
j
(
g,
z
ζ
)
:=
1
cz + d+ νζ
, g =
 a b µc d ν
ρ σ E
 ,
and for each k ∈ Z the assignment
f 7→ f
(
g
(
z
ζ
))
j
(
g,
z
ζ
)k
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defines a Z2-graded linear map |k : O
(
H |r
) → D(G)C⊠ˆO (H |r) and
for each g ∈ G and U ⊂ H open a Z-graded (!) linear map
|g,k : O
((
g#U
)|r) → O (U |r) . Usually we will drop the index k .
Observe that the Berezinian of the super Jacobian of α with respect to(
z
ζ
)
is precisely given by j2−r , see [2].
For defining super automorphic resp. cusp forms for a lattice Γ first we have
to give a notion of boundedness resp. vanishing of a super function on the
super upper half plane H |r at a cusp of Γ#
∖
H . For this purpose let
(1) g0 :=
 ε0( 1 10 1
)
0
0 E0
 ∈ G ,
ε0 ∈ U(1) , E0 =
 e1 0. . .
0 er
 ∈ U(r) diagonal, ε20 = detE0 , and let
f =
∑
I∈℘(r) fIζ
I ∈ O ({Im z > R}|r) , R > 0 . Then for all I ∈ ℘(r)
fIζ
I
∣∣
g0
= fI(z + 1) ε
−k−|I|
0 detI E0 ζ
I ,
where detI E0 :=
∏
i∈I ei , and ε
−k−|I|
0 detI E0 ∈ U(1) . So if f |g0 = f then
all fI are quasi-invariant under z 7→ z + 1 .
Definition 2.1
(i) Let R > 0 and f =
∑
I∈℘(r) fIζ
I ∈ O ({Im z > R}|r) such that
f |g0 = f . Then f is called bounded (vanishing) at i∞ iff all fI(z) ,
I ∈ ℘(r) , are bounded (vanishing) for Im z  ∞ .
(ii) Let z0 ∈ ∂IP1H and γ ∈ G such that γ# ∈ N z0 \ {id} . Let U ⊂ H
be an open γ#-invariant neighbourhood of z0 and f ∈ O
(
U |r
)
such
that f |γ = f . Take some g ∈ G such that g#i∞ = z0 and either
g0 := g
−1γg or g0 := g−1γ−1g is of the form (1). Then f |g is invariant
under |g0 . f is called bounded (vanishing) at z0 iff f |g is bounded
(vanishing) at i∞ .
Of course we have to prove invariance of definition 2.1 (ii) under the choice
of g ∈ G :
Let g ∈ G such that g′0 := g−1g0g is again of the form (1) with
some ε′0 ∈ U(1) , E′0 ∈ U(r) diagonal, ε′20 = detE′0 . Then
ε′0 = ε0 , and so g and g0 commute in the upper left corner.
Therefore
g =
 ε( 1 S0 1
)
0
0 E

7
with some ε ∈ U(1) , S ∈ IR , E ∈ U(r) , ε2 = detE . So f |g is
a linear combination of terms fI(z + S)ζ
J , I, J ∈ ℘(r) . 
Now let Γ ⊏ G be a lattice and k ∈ Z .
Definition 2.2 (super automorphic and super cusp forms for Γ )
Let f ∈ O (H |r) . f is called a super automorphic (cusp) form for Γ of
weight k iff
(i) f |γ,k = f for all γ ∈ Γ ,
(ii) f is bounded (vanishing) at all cusps of Γ#
∖
H in the sense of definition
2.1.
The C- vector space of super automorphic (cusp) forms for Γ of weight k is
denoted by sMk(Γ) (resp. sSk(Γ) ⊏ sMk(Γ) ).
Since |g respects the Z-grading of O
(
H |r
)
for all g ∈ G we obtain a
Z-grading sMk(Γ) =
⊕r
ρ=0 sM
ρ
k (Γ) (resp. sSk(Γ) =
⊕r
ρ=0 sS
ρ
k(Γ) ) where
sMρk (Γ) = sMk(Γ) ∩ Oρ
(
H |r
)
(resp. sSρk(Γ) = sSk(Γ) ∩ Oρ
(
H |r
)
).
Examples 2.3
〈i〉 If Γ ⊏ SL(2, IR) →֒ G is a lattice then sMρk (Γ) = Mk+ρ(Γ) ⊗
∧ρ (Cr)
for all k ∈ Z and ρ = 0, . . . , r , where Mk+ρ(Γ) ⊏ O(H) denotes
the space of ordinary automorphic forms for Γ of weight k + ρ .
In particular if −1 ∈ Γ and k + ρ is odd then sMρk (Γ) = 0 . This
behaviour corresponds to the philosophy of super symmetry to regard
different sorts of bosons and fermions as components of one super
particle.
〈ii〉 As a special case of example 1.2 〈i〉 let r = 1 and Γ ⊏ G be the lattice
generated by
Rˆ :=
(
εR 0
0 ε−1
)
and Sˆ :=
(
iωS 0
0 −1
)
.
Let η := e
pii
12
z
∏∞
n=1
(
1− e2πinz) denote Dedekind’s eta function.
If ε = e
2pii
3 and ω = 1 then η2 generates sM01 (Γ) , and
sM11 (Γ) =M2(SL(2,Z))ζ = 0 .
If ε = e−
2pii
3 and ω = −1 then η2ζ generates sM10 (Γ) , and
sM00 (Γ) = C .
In both cases we have Γ0 = {1} . The result can be seen by computing
directly the vector bundles Eρk (in fact line bundles here) on X (the
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Riemann sphere here), which will be defined in {i}, and their degrees:
In the first case degE01 = 0 and degE
1
1 = −1 . In the second case
degE10 = 0 and E
0
0 is of course trivial.
Similarly also the square of the theta function θ :=
∑∞
n=−∞ e
πin2z can
be realized as an even or odd super automorphic form.
〈iii〉 Let Γ ⊏ G be a lattice such that Γ ⊏ SL(2,Z) is of finite index and
q := min
{
q ∈ IN \ {0} ∣∣ (z 7→ z + q) ∈ Γ} .
Then there exist ε0 ∈ U(1) and E0 ∈ U(r) , which we may assume to
be diagonal, ε20 = detE0 , such that
γ0 :=
 ε0( 1 q0 1
)
0
0 E0
 ∈ Γ .
Let ν ∈ IR≥0 such that e2πiqν = εk+|I|0 detI E0 . Then the function
f = e2πiνzζI is already invariant under |γ0,k , and a simple estimate
shows that the relative super Poincare´ series
∑
γ∈〈γ0〉\Γ
f |γ,k
converges absolutely and uniformly on compact sets of H and defines
an element in sMk(Γ) , lying in sSk(Γ) iff ν > 0 .
Let ρ ∈ {0, . . . , r} . Then for all g ∈ G0 and U ⊂ H open |g is an O(U)-linear
(!) operator on Oρ (U |r) with ∧ρ (Cr) as invariant subspace. Moreover |
defines a unitary right representation of G0 on
∧ρ (Cr) . Write
V ρk :=
{
a ∈
∧ρ
(Cr)
∣∣∣ a|η,k = a for all η ∈ Γ0} ⊏∧ρ (Cr)
for all k ∈ Z . Then obviously sMρk (Γ) ⊏ O(H) ⊗ V ρk for all k ∈ Z . As a
first observation we remark:
Lemma 2.4 The families
(
V ρk
)
k∈Z of subspaces of
∧ρ (Cr) are |Γ0|-periodic.
Proof: Let η ∈ Γ0 , which is then of the form η =
(
ε1 0
0 E
)
with some
ε ∈ U(1) and E ∈ U(r) , ε2 = detE . Since η|Γ0| = 1 we obtain ε|Γ0| = 1 .
Now for all ρ ∈ {0, . . . , r} , a =∑|I|=ρ aIζI ∈ ∧ρ (Cr) and k ∈ Z :
a|η,k+|Γ0| = ε−(|Γ0|+k+ρ)
∑
|I|=ρ
aI(Eζ)
I = ε−(k+ρ)
∑
|I|=ρ
aI(Eζ)
I = a|η,k .
Here now the main theorem, whose proof will be the purpose of the rest of
this section:
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Theorem 2.5 (main theorem) Let ρ ∈ {0, . . . , r} .
(i) There exists k0 ∈ Z such that sMρk (Γ) = 0 for all k ≤ k0 .
(ii) For k  +∞ we have the asymptotic behaviour
dim sMρk (Γ) =
(
k
2
vol
(
Γ#
∖
H
)
2π
+O(1)
)
dimV ρk ,
and for all k ∈ Z
dim sSρk(Γ) ≥ dim sMρk (Γ)− S dimV ρk ,
where S denotes the number of cusps of Γ#
∖
H .
(iii) If Γ0 = {1} and Γ#
∖
H has no elliptic points then there exists
k1 ∈ Z such that for all k ≥ k1 , given bases {f0, . . . , fm} of sM0k (Υ)
and {λ1, . . . , λn} of sM1k (Γ) , Φ := [f0 : · · · : fm : λ1 : · · · : λn] defines an
embedding of Γ
∖
H |r into the (m,n)-dimensional complex super projective
space IPm|n as a complex (1, r)-dimensional sub super manifold, if in addi-
tion Γ#
∖
H has no cusps then in fact as a non-singular algebraic sub super
variety.
Lemma 2.6
(i) For all k ∈ Z and ρ ∈ {0, . . . , r} there exists a unique unitary right
representation ϕρk of Γˇ on V
ρ
k such that
f |γ = j (γˇ, z)k+ρ f
(
γ#z
)
ϕρk (γˇ) ,
for all U ⊂ H open, f ∈ O(U) ⊗ V ρk ⊏ Oρ
(
U |r
)
, γ ∈ Γ and γˇ ∈ Γˇ
representing γ# , where we have extended ϕρk (γˇ) as an O(U)-linear map to
O(U)⊗ V ρk . Obviously ϕρk(−1) = (−1)k+ρ and ϕ00 = 1 .
(ii) Let U ⊂ H be open and Γ#-invariant and f ∈ Oρ (U |r). Then in partic-
ular f is invariant under all |γ , γ ∈ Γ , iff f ∈ O(U)⊗ V ρk and
j (γˇ, z)k+ρ f (γˇz)ϕρk (γˇ) = f
for all γˇ ∈ Γˇ .
(iii) There exists a unique character χ : Γˇ→ U(1) such that ϕρ
k+|Γ0| = χ ·ϕ
ρ
k
for all k ∈ Z and ρ ∈ {1, . . . , r} .
Proof: (i) Let γˇ ∈ Γˇ and η ∈ G0 such that γ := ηγˇ ∈ Γ . Then
f |γ = f |η|γˇ = j (γˇ, z)k+ρ f |η
(
γ#z
)
.
So the formula gives the right expression for f |γ iff we define a ϕρk (γˇ) := a|η
for all a ∈ V ρk . But we have to check that this indeed defines a unitary
representation of Γˇ on V ρk .
For proving well-definedness first we show that again a|η ∈ V ρk : Let ϑ ∈ Γ0 .
Then since Γ0 ⊳ Γ again ηϑη
−1 = γϑγ−1 ∈ Γ0 . So
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a|η |ϑ = a|ηϑη−1
∣∣
η
= a|η .
Now let us show that a|η−1 is independent of the particular choice of η : Let
also ϑ ∈ G0 such that ϑγˇ ∈ Γ . Then ϑη−1 = (ϑγˇ) γ−1 ∈ Γ0 . Therefore
a|ϑ = a|ϑη−1
∣∣
η
= a|η .
Γˇ and G0 commuting shows that ϕ
ρ
k is indeed a right representation of Γˇ .
(ii) now trivial.
(iii) Let γˇ ∈ Γˇ and η =
(
ε1 0
0 E
)
∈ G0 , ε ∈ U(1) and E ∈ U(r) ,
ε2 = detE , such that γ := ηγˇ ∈ Γ , and let a = ∑|I|=ρ aIζI ∈ V ρk . Then
by the proof of (i) we see that
a ϕρ
k+|Γ0| (γˇ) = a|η,k+|Γ0| = ε
−k−|Γ0|−ρ
∑
|I|=ρ
aI (E ζ)
I .
So the formula holds iff we define χ (γˇ) := ε−|Γ0| .
For checking well-definedness let also ϑ =
(
σ1 0
0 F
)
∈ G0 , σ ∈ U(1) and
F ∈ U(r) , σ2 = detF , such that ϑγˇ ∈ Γ . Then again ϑη−1 ∈ Γ0 , which
implies
(
ϑη−1
)|Γ0| = 1 , and so σ−|Γ0| = ε−|Γ0| . 
Let ρ ∈ {0, . . . , r} be fixed. We intend to write the spaces sMρk (Γ) and
sSρk(Γ) as spaces of global sections of holomorphic vector bundles on the
compact Riemann surface X = Γ#
∖
H ∪ {cusps of Γ#∖H} . For this
purpose from now on given any x ∈ IR we will denote by ⌊x⌋ ∈ Z and
{x} ∈ [0, 1[ the unique numbers such that x = ⌊x⌋+ {x} .
We will construct holomorphic line bundles L0k and L
twist
k and holomorphic
vector bundles Mk and Nk on X . Let us set
Eρk := (T
∗X)⊗⌊k+ρ2 ⌋ ⊗ L0k ⊗ Ltwistk ⊗Mk and
F ρk := (T
∗X)⊗⌊k+ρ2 ⌋ ⊗ L0k ⊗ Ltwistk ⊗Nk .
Then these bundles are supposed to have the following properties:
{i} For all U ⊂ X open Γhol (U,Ekρ) ( Γhol (U,F kρ ) ) is the space of super
functions f ∈ Oρ (π−1X (U)|r) having f |γ = f for all γ ∈ Γ and being
bounded (vanishing) at each cusp of Γ#
∖
H belonging to U , so in
particular sMρk (Γ) = H
0
(
Eρk
)
( sSρk(Γ) = H
0
(
F ρk
)
),
{ii} k 7→ degLtwistk is a bounded function, and finally
{iii} the families (Mk)k∈Z and (Nk)k∈Z in fact consist of only finitely many
vector bundles.
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For this purpose let us split k = l + 2 |Γ0|m , l ∈ {0, . . . , 2 |Γ0| − 1} ,
m ∈ Z . We will construct all these bundles by local trivializations and iden-
tification of the fibres on the overlaps; Mk and Nk will have typical fibre V
ρ
k .
at regular points of X :
Let z ∈ H be regular. Then its stabilizer in Γ# is trivial
and therefore the canonical projection πX : H → X is locally
biholomorphic at z , so we take π−1X as a local chart of X at z .
Let γ ∈ Γ . We have to indentify the fibres at the points z and
γ#z :
for L0k :
(
γ#z, s
) ∼ (z, s) ,
for Ltwistk :
(
γ#z, s
) ∼ (z, χ (γˇ)2m s) , s ∈ C ,
and for Mk and Nk :(
γ#z, S
)
∼
(
z, j (γˇ, z)2{ l+ρ2 } S ϕρl (γˇ)
)
,
S ∈ V ρk , where γˇ ∈ Γˇ is chosen to represent γ# . Since
S|γ = j (γˇ, z)k+ρ S ϕρk (γˇ) = χ (γˇ)2m j (γˇ, z)k+ρ S ϕρl (γˇ)
for all S ∈ V ρk , and since for T ∗X we have to identify
(
γ#z, s
)
∼
(
z,
(
γ#
)′
(z) s
)
,
where
(
γ#
)′
(z) = j (γˇ, z)2 , we see that indeed Eρk and F
ρ
k in {i}
are given by the identification
(
γ#z, S
) ∼ (z, S|γ(z)) , S ∈ V ρk ,
and so {i} is true at regular points.
at elliptic points of X :
Let z0 ∈ H be elliptic. Then its stabilizer
(
Γ#
)z0 is cyclic of finite
order n ≥ 2 . Since the action of AutH on H is proper there
exixts a
(
Γ#
)z0-invariant open neighbourhood U ⊂ H of z0 such
that the canonical projection πz0 :
(
Γ#
)z0∖H → X restricted to(
Γ#
)z0∖U is biholomorphic. Now let c ∈ SL(2,C) be a Cayley
transform mapping the unit disc B ⊂ C biholomorphically onto
H such that c 0 = z0 . We take
πX(U)
π−1z0−→
(
Γ#
)z0∖
U
c−1−→
〈
e
2pii
n
〉∖
B
w 7→wn−→ B
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as a local chart of X at z0 . Let
(
Γ#
)z0 be generated by γ# ,
γ ∈ Γ , such that c−1 ◦ γ# ◦ c ∈ Aut(B)0 is the multiplication
with e
2pii
n , and let again γˇ ∈ Γˇ represent γ# .
Let elν , ν = 1, . . . ,dimV
ρ
l , form a basis of V
ρ
l = V
ρ
k , e
l
ν
being an eigenvector of j (γˇ, z0)
l+ρ ϕρl (γˇ) to the eigenvalue
e−2πiσ
l
ν , σlν ∈ 1nZ , ν = 1, . . . ,dimV ρl . Let χ (γˇ)2 = e−2πiδ ,
δ ∈ 1nZ . Then every elν is at the same time an eigenvector of
j (γˇ, z0)
k+ρ ϕρk (γˇ) to the eigenvalue e
−2πi(σlν−mn |Γ0|+mδ) . For
defining the bundles we have to identify the fibres at the points
z ∈ U and (c−1z)n ∈ B :
for L0k : (z, s) ∼
((
c−1z
)n
,
(
c−1z
)n ⌊ (k+ρ)(n−1)
2n
⌋
s
)
,
for Ltwistk : (z, s) ∼
((
c−1z
)n
,
(
c−1z
)−n{mδ}
s
)
,
and for Mk and Nk :
(
z, elν
)
∼
((
c−1z
)n
, j
(
c−1, z
)−2{ k+ρ2 } (c−1z)Ωkν elν) ,
where
Ωkν := n
(
{mδ} −
{
σlν −
m
n
|Γ0|+mδ
})
+
⌊
k + ρ
2
⌋
(n− 1)
− n
⌊
(k + ρ)(n− 1)
2n
⌋
.
Observe that j
(
c−1γˇc, w
)
= j (γˇ, z0) for all w ∈ B . Since for
T ∗X we have to identify
(z, s) ∼
((
c−1z
)n
,
(
c−1
)′
(z)−1
(
c−1z
)−n+1
s
)
and
(
c−1
)′
(z) = j(c−1, z)2 we see that Eρk and F
ρ
k in {i} are
obtained by the identification
(
z, elν
)
∼
((
c−1z
)n
, j
(
c−1, z
)−k−ρ (
c−1z
)−n{σlν−mn |Γ0|+mδ} elν) .
Now let V ⊂ U be an open γ#-invariant neighbourhood of z0
and f ∈ O(V ) such that felν is invariant under |γ . Then
h := f (cw) j (c, w)k+ρ fulfills
h = h
(
e
2pii
n w
)
e−2πi(σ
l
ν−mn |Γ0|+mδ) ,
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and so ord0h ≥ n
{
σlν − mn |Γ0|+mδ
}
. Therefore
hw−n{σlν−mn |Γ0|+mδ} is invariant under w 7→ e 2piin w and still holo-
morphic at w = 0 , so felν ∈ Γhol
(
π(V ), Eρk
)
= Γhol
(
π(V ), F ρk
)
.
This shows {i} at elliptic points.
at cusps of X :
Let z0 ∈ ∂IP1H be a cusp of Γ#
∖
H and N z0 ⊏ AutH its asso-
ciated nilpotent subgroup. Then N z0 ∩ Γ# is infinite cyclic. Let
γ ∈ Γ and g ∈ G such that γ# generates N z0 ∩ Γ# and
g0 := g
−1γg is of the form (1). Again choose an open γ#-
invariant neighbourhood U ⊂ H of z0 such that the canon-
ical projection πz0 :
〈
γ#
〉∖
H ∪ {z0} → X restricted to〈
γ#
〉∖
U ∪ {z0} is biholomorphic. So
πX(U) ∪ {z0}
π−1z0−→
〈
γ#
〉∖
U ∪ {z0} g
#
−1
−→ 〈z 7→ z + 1〉 \H ∪ {i∞}
z 7→e2piiz−→ B
is a local chart of X at z0 . Let gˇ ∈ SL(2, IR) represent g# , and
let γˇ ∈ Γˇ represent γ# such that gˇ−1γˇgˇ =
(
1 1
0 1
)
.
Let again elν , ν = 1, . . . ,dimV
ρ
l , form a basis of V
ρ
l = V
ρ
k ,
elν being an eigenvector of ϕ
ρ
l (γˇ) to the eigenvalue e
−2πiσlν ,
σlν ∈ IR , ν = 1, . . . ,dimV ρl . Let χ (γˇ)2 = e−2πiδ , δ ∈ IR . Then
elν is at the same time an eigenvector of ϕ
ρ
k (γˇ) to the eigenvalue
e−2πi(σ
l
ν+mδ) . We have to identify the fibres at the points z ∈ U
and e2πig
#−1z ∈ B :
for L0k : (z, s) ∼
(
e2πig
#−1z, e2πi g
#−1z ⌊k+ρ2 ⌋s
)
,
for Ltwistk : (z, s) ∼
(
e2πig
#−1z, e−2πi {mδ} g#
−1
zs
)
,
and finally for Mk and Nk :
(
z, elν
)
∼
(
e2πig
#−1z, j
(
gˇ−1, z
)−2{ k+ρ2 } e2πiΩkν g#−1z elν) ,
where Ωkν := {mδ} −
{
σlν +mδ
}
for Mk and
Ωkν := {mδ} −
(
1− {−σlν −mδ}) for Nk . Observe that for all
x ∈ IR
1− {−x} =
{ {x} if x /∈ Z
1 if x ∈ Z .
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Again for proving {i} observe that T ∗X is given by the identifi-
cation
(z, s) ∼
(
e2πig
#−1z,
(
g#
−1)′
(z)−1 e−2πig
#−1z s
)
and
(
g#
−1)′
(z) = j
(
gˇ−1, z
)2
. So we obtain Eρk and F
ρ
k in {i}
by the identification
(
z, elν
)
∼
(
e2πig
#−1z, j
(
gˇ−1, z
)−k−ρ
e−2πi{σlν+mδ} g#−1z elν
)
resp.
(
z, elν
)
∼
(
e2πig
#−1z, j
(
gˇ−1, z
)−k−ρ
e−2πi (1−{−σlν−mδ}) g#−1z elν
)
.
Let again V ⊂ U be an open γ#-invariant neighbourhood of z0
and f ∈ O(V ) such that felν is invariant under |γ and bounded
(vanishing) at z0 . Then h := f
(
g#z
)
j (gˇ, z)k+ρ is quasiperi-
odic h = h (z + 1) e−2πi(σ
l
ν+mδ) and bounded (vanishing) for
Im z  +∞ . So h e−2πi{σlν+mδ}z (resp. h e−2πi(1−{−σlν−mδ})z )
is invariant under z 7→ z + 1 and bounded for Im z  +∞ . So
felν ∈ Γhol
(
π(V ), Eρk
)
(resp. felν ∈ Γhol
(
π(V ), F ρk
)
).
Let R denote the number of the elliptic points of Γ#
∖
H , and let ni be the
period of the ith elliptic point.
For proving {ii} impose a metric on the holomorphic line bundle Ltwistk
whose curvature is concentrated in small pairwise disjoint neighbourhoods
of the elliptic points resp. cusps of Γ#
∖
H . It turns out that the total
curvature of such a metric is bounded by π (R+ S) . But the total
curvature of any metric on the holomorphic line bundle Ltwistk is given by
π
2 degL
twist
k , so
∣∣degLtwistk ∣∣ ≤ 2(R + S) .
Now we prove {iii} :
Obviously there are at most 2 |Γ0| possibilities of how to indentify
the fibres V ρk at γ
#z and z , z ∈ H regular. In the identification
at an elliptic point z0 since Ω
l
ν ∈ Z is of absolute value < 2n there
are at most 4n−1 possible values for Ωlν . In the identification at
a cusp z0 for fixed l and ν there are at most 4 possible values for
Ωlν since on one hand
∣∣Ωlν∣∣ < 2 and on the other hand Ωlν ≡ −σlν
mod Z . 
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Obviously
degL0k =
R∑
i=1
⌊
(k + ρ)(ni − 1)
2ni
⌋
+ S
⌊
k + ρ
2
⌋
=
k
2
(
R∑
i=1
(
1− 1
ni
)
+ S
)
+O(1)
for k  ±∞ . Let g∗ denote the genus of X , so degT ∗X = 2(g∗ − 1) . A
standard calculation using the total curvature of X and the fact that H is
of constant curvature −1 shows that
2(g∗ − 1) +
R∑
i=1
(
1− 1
ni
)
+ S =
vol
(
Γ#
∖
H
)
2π
> 0 .
So we obtain the asymptotic behaviour
(2) deg
(
(T ∗X)⊗⌊ k+ρ2 ⌋ ⊗ L0k ⊗ Ltwistk
)
=
k
2
vol
(
Γ#
∖
H
)
2π
+O(1) ±∞
for k  ±∞ .
Lemma 2.7 There exist k0, k2 ∈ Z such that
(i) H1
((
TX ⊗ Eρk
)∗)
= 0 for all k ≤ k0 , and
(ii) for all k ≥ k2 : H1
(
Eρk
)
,H1
(
F ρk
)
= 0 , and Γhol
(♦, Eρk) is generated by
global sections.
Proof: By {iii} we may assume that Mk and Nk are independent of k .
So we obtain the result combining (2) and lemma 7.1 b) of [4] , which
says that given any coherent sheaf F on a non-singular projective curve
X , there is an integer d0 such that if L is a line bundle over X of de-
gree ≥ d0 , then F⊗L is generated by global sections, andH1(F⊗L) = 0 . 
Now we prove theorem 2.5: (i) Serre duality tells us that
sMk(Γ) = H
0
(
Eρk
) ≃ H1 ((TX ⊗ Eρk)∗)∗ ,
which is 0 if k ≤ k0 , k0 ∈ Z be given by lemma 2.7.
(ii) By the Riemann Roch theorem applied to Eρk , which is of rank
nk := dimV
ρ
k , we obtain
dimH0
(
Eρk
)− dimH1 (Eρk) = c1 (Eρk)− nk (g∗ − 1) ,
where c1
(
Eρk
)
= deg
∧nk Eρk denotes the first Chern class of Eρk . But
dimH1
(
Eρk
)
= 0 for k ≥ k2 , k2 ∈ Z be given by lemma 2.7, and
c1
(
Eρk
)
= nk deg
(
(T ∗X)⊗⌊k+ρ2 ⌋ ⊗ L0k ⊗ Ltwistk
)
+ deg
∧nk
Mk
= nk
(
k
2
vol
(
Γ#
∖
H
)
2π
+O(1)
)
,
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which gives the asymptotic formula. For proving the inequality take a cusp
z0 ∈ ∂IP1H and the associated basis eρν , ν = 1, . . . ,dimV ρl , of V ρl . For
ν = 1, . . . ,dimV ρl associate the coefficient of e
ρ
ν in f (z0) ∈ V ρl if σlν+mδ ∈ Z
and 0 otherwise to every f ∈ sMρk (Γ) = H0 (Ek). Putting all cusps together
yields a linear map sMk(Γ)→ C S dimV
ρ
l with kernel sSk(Γ) .
(iii) Let k2 ∈ Z be given by lemma 2.7 with respect to ρ = 1 and let
k1 ∈ Z≥k2 be given such that for all k ≥ k1 the holomorphic line bundle E0k
is already very ample. Let k ≥ k1 be arbitrary. Then of course
Φ# : Γ#
∖
H →֒ X → IPm
is already an embedding. Now let z0 ∈ H be arbitrary. Without loss of
generality we may assume that f0 (z0) 6= 0 . So using the 0th standard
local super chart of IPm|n , Φ is given by the tuple 1
f0
(f1, . . . , fm, λ1, . . . , λn)
in some neighbourhood of z0 . Since Γ
hol
(♦, E1k) is generated by global
sections according to lemma 2.7 (ii) we see that (sD Φ)# (z0) is injective,
and so Φ is a super embedding by the super inversion theorem.
If Γ#
∖
H has no cusps then it is compact, and so algebraicity follows from
a super version of Chow’s theorem, see theorem 6 of [8] . 
3 P-lattices
Let P = P0 ⊕ P1 be a real finite dimensional unital associative and super
commutative super algebra having a unique maximal ideal m (so P is local,
and automatically P1 ⊏ m and m is graded), mN = 0 for some N ∈ IN , and a
canonical projection #
′
: P → P/m ≃ IR . Examples are P = ∧(IRN−1) and
P = IR[X]/(XN) , the second being purely even. As promised, for a lattice
Γ ⊏ G = G# we will now discuss super deformations of the embedding
Γ →֒ G ’parametrized’ by the generators of P . We will call such super
deformations P-lattices and give a precise definition in a moment.
Definition 3.1 (P-points)
Let M = (M,S) be a real super manifold of super dimension (m,n) ,
M =M# being an ordinary smooth n-dimensional manifold and S a sheaf
of unital associative super commutative super algebras on M , locally
≃ C∞⊗∧ (IRn) . Then a P-point ofM is a morphism A of from ({0},P) to
M as ringed spaces. Here an equivalent definition: A pair A := (a, a) where
a ∈M is an ordinary point and a : Sa → P , where Sa denotes the stalk of
S at a , is called a P-point ofM . A#′ := a ∈M is called the relative body
of A . We write A ∈P M . The set of P-points of M is denoted by MP .
Having chosen local super coordinates on M , the P-points of M
lying in the range of these are in 1-1-correspondence with tuples
(a1, . . . , am, α1, . . . , αn) ∈ P⊕m0 ⊕ P⊕n1 , and in this notation the rela-
tive body is given by
(
a#
′
1 , . . . , a
#′
m
)
∈ IR⊕m . If N = 2 (infinitesimal super
deformation) we have a 1-1-correspondence between MP and pairs (a, v)
where a ∈ M and v ∈ (sTaM⊗P)0 , sTaM denoting the super tangent
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space of M at a .
Obviously every super morphism between the real super manifolds
M = (M,S) and N = (N,T ) induces a map MP → NP . So we obtain a
whole functor from the category of real super manifolds to the category of
sets, and this functor restricts to a functor from the category of real super
Lie groups to the category of groups. Indeed, given a real super Lie group G
with body G , the multiplication super morphism m : G × G → G turns the
set GP of all P-points of G into a group via gh := m(g, h) for all g, h ∈P G ,
and clearly #
′
: GP → G , g 7→ g#′ is a group epimorphism.
Definition 3.2 ( P-lattices)
Let G be a real super Lie group with body G and Υ ⊏ GP be a subgroup.
Υ is called a P-lattice of G iff
{i} Υ#′ :=
{
γ#
′
∣∣∣ γ ∈ Υ} ⊏ G is an ordinary lattice, called the relative
body of Υ , and
{ii} #′ : Υ → Υ#′ , γ 7→ γ#′ is bijective and so automatically an isomor-
phism.
Of course given a P-lattice Υ of G with relative body Γ ⊏ G and g ∈P G
with g#
′
= 1 we get another P-lattice gΥg−1 of G with same relative body
Γ , and we are interested in classifying all the conjugacy classes for given
Γ . If N = 2 they are in 1-1-correspondence with
(
H1 (Γ, g)⊗m)
0
, Γ
acting on the super Lie algebra g of G by sAd , compare with the classical
case for example in [10].
One is also interested in the question if it is always possible to extend a
given local super deformation of Γ to higher degree N of nilpotency: Let
Q := P /mN−1 . Then Q fulfills the same properties as P with maximal
ideal n := m
/
m
N−1 , nN−1 = 0 . The canonical projection ♮ : P → Q
obviously induces a map respecting #
′
from P-points of a super manifold
M to its Q-points. Now given a Q-lattice Υ of a super Lie group G , does
there exist a P-lattice Υˆ such that Υˆ♮ = Υ ? As in the classical case the
answer is yes if H2(Γ, g) = 0 , and the converse is false.
Given a P-lattice Υ of a super Lie group G and γ ∈ Υ such that
(
γ#
′
)n
= 1
for some n ∈ IN \ {0} , automatically γn = 1 , and so by the following
lemma γ is conjugate to γ#
′
: there exists g ∈P G such that g#′ = 1 and
γ = gγ#
′
g−1 .
Lemma 3.3 Let G be a super Lie group with body G and super Lie alge-
bra g , and let n ∈ IN \ {0} . Then the equation gn = 1 defines sub super
manifolds M of G whose bodies are precisely the connected components of
M := {g ∈ G | gn = 1} . Let g0 ∈ M and V ⊏ g be a graded complement
of zg (g0) . Then exp(χ) g0 exp(−χ) locally at 0 7→ g0 defines a super diffeo-
morphism V →M , V regarded as a real super manifold.
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Proof: Let the super morphism Ω : g → G be given by
exp (χV ) g0 exp (χz) exp (−χV ) , where χV and χz denote the projec-
tions on g along the splitting g = V ⊕ zg (g0) , g treated as a real super
manifold. Then a straight forward calculation shows that the super
differential sDΩ(0) is bijective, and so Ω is a super diffeomorphism locally
at 0 . Now Ωn defines a super morphism Ψ : g → G having Ψ|V ≡ 1 and
sDΨ(0)|zg(g0) is injective. Therefore the equation Ψ = 1 locally at 0 defines
the sub super manifold V of g . 
From now on let again G be the real sub super Lie group of
(GL(2,C) ×GL(r,C))|4r from section 1 given by the equations gIg∗ = I
and Ber g = 1 . Then GP is the set of all even super matrices (P(2|r)×(2|r))
0
(even entries in the diagonal, odd entries in the off-diagonal blocks) fulfilling
these two equations, and the product of two of them can be computed via
ordinary matrix multiplication. Of course the action α : G × H |r → H |r
induces a group homomorphism from GP into the group of P- super auto-
morphisms of H |r respecting #
′
:
Definition 3.4 ( P- super automorphisms of H |r )
An automorphism Φ of the ringed space
(
H,PC ⊠ (OH ⊗
∧
(Cr))
)
,
PC ⊠ (OH ⊗
∧
(Cr)) treated as a sheaf of unital Z2-graded PC-modules, is
called a P- super automorphism of H |r . Clearly the projection
#′ : P → IR induces an embedding H |r →֒ (H,PC ⊠ (OH ⊗∧ (Cr))) as
ringed spaces whose underlying map H → H is the identity. The unique
super automorphism Φ#
′
of H |r such that
H |r →֒ (H,PC ⊠ (OH ⊗∧ (Cr)))
Φ#
′ ↓ 	 ↓ Φ
H |r →֒ (H,PC ⊠ (OH ⊗∧ (Cr)))
is called the relative body of Φ .
In practice P- super automorphisms of H |r are given by tuples
(f, λ1, . . . , λr) ∈
(PC ⊠O (H |r))
0
⊕ (PC ⊠O (H |r))⊕r
1
, and in this
notation the relative body is given by the tuple(
f#
′
, λ#
′
1 , . . . , λ
#′
r
)
∈ O (H |r)
0
⊕ O (H |r)⊕r
1
, where #
′
denotes the com-
plexification and right- OH ⊗
∧
(Cr) -linear extension of the projection
#′ : P → IR .
Do not mix up the body # and the relative body #
′
:
Given some g ∈P G and some P- super automorphism Φ of H |r , g#′ , the
relative body of g , is an ordinary point of G , while the body g# of g by
definition coincides with the body of g#
′
and is an element of AutH .
The relative body Φ#
′
of Φ is still a super automorphism of H |r , while
the body Φ# of Φ is the underlying ordinary automorphism of H . g and
Φ are local super deformations over P resp. PC of their relative bodies g#′
and Φ#
′
.
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Taking the relative body #
′
means set all generators of P to zero, taking
the body # means set everything to zero which is nilpotent, the generators
of P and the odd coordinates ζ1, . . . , ζr on H |r .
In the end of this section let us discuss - for the lattices Γ ⊏ G of the
examples 1.2 - H1(Γ, g) and the P-lattices Υ of G with relative body Γ :
First we observe that after identification g1 ≃ Cr×2
zg0 (γ0) = sl(2, IR)⊕ zu(r) (E0) ,
zg1 (γ0) = Eigε0 (E0)
⊕2 .
〈i〉 By lemma 3.3 we see that if V is a graded complement of
zg
(
γ0, Rˆ
)
+zg
(
γ0, Sˆ
)
in zg (γ0) then the conjugacy classes of P-lattices
Υ of G with relative body Γ are in 1-1-correspondence with (V ⊗m)0
via the assignment χ 7→
〈
γ0, Rˆ, exp(χ)Sˆ exp(−χ)
〉
. So there are no
obstructions for extending a local super deformation of Γ to higher
degree of nilpotency, and
H1(Γ, g) ≃ zg (γ0)
/(
zg
(
γ0, Rˆ
)
+ zg
(
γ0, Sˆ
))
.
H1 (Γ, g0) ≃ sl(2, IR)
/ (
zsl(2,IR)(R) + zsl(2,IR)(S)
)
⊕ zu(r) (E0)
/(
zu(r) (E0, E) + zu(r) (E0, F )
)
,
where the first summand is of dimension 1 . Since E and F commute
with E0 we may define ϕ,ψ ∈ GL
(
Eigε0 (E0)
⊕2
)
as u 7→ EuR−1 resp.
u 7→ FuS−1 . Then
H1 (Γ, g1) ≃ Eigε0 (E0)⊕2
/(
Eigε(ϕ) + Eigη(ψ)
)
,
which has maximal real dimension 4r = dim g1 if for example
E0 = E = 1 , detF = −1 , F has no real eigenvalues, ε0 = ε = 1 and
η = i .
〈ii〉 First case: m ≥ 1 . Again by lemma 3.3 it is enough to consider P-
lattices Υ of G having γ0 ∈ Υ modulo conjugation with g ∈ ZG (γ0) ,
g#
′
= 1 , where ZG (γ0) denotes the centralizer of γ0 in G , which
is a sub super Lie group of G with super Lie algebra zg (γ0) . Obvi-
ously these lattices are given by P-points of ZG (γ0)2g
∗+m−1 with body(
Aˆk, Bˆk, Cˆl
)
k=1,...,g∗,l=1,...,m−1
(from now on we will drop the index),
but not in 1-1-correspondence, we still have to devide out conjugation.
However we observe that again there are no obstructions for extending
a local super deformation of Γ to higher degree of nilpotency , and
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sdim H1(Γ, g) = (2g∗ +m− 2) sdim zg (γ0)+ sdim zg
(
γ0, Aˆk, Bˆk, Cˆl
)
.
Since zg
(
γ0, Aˆk, Bˆk, Cˆl
)
= zu(r) (E0, Ek, Fk, Cl) is purely even we ob-
tain
dimH1 (Γ, g0) = (2g
∗ +m− 2) (3 + dim zu(r) (E0))
+ dim zu(r) (E0, Ek, Fk, Cl) ,
dimH1 (Γ, g1) = 2 (2g
∗ +m− 2) dimEigε0 (E0) .
Second case: m = 0 . Then γ0 = 1 , and with the super morphisms
Φ : G2g∗ → G defined as [g1, h1] · · · [gg∗ , hg∗ ] and
Ψ : G → G2g∗ defined as
(
gAˆkg
−1, gBˆkg−1
)
we see that
H1(Γ, g) = ker sDΦ
(
Aˆk, Bˆk
)/
Im sDΨ(1) , so
sdim H1(Γ, g) = (2g∗ − 1) sdim g− sdim Im sDΦ
(
Aˆk, Bˆk
)
+ sdim zg
(
Aˆk, Bˆk
)
.
Some longer calculations show that
Im sDΦ
(
Aˆk, Bˆk
)
0
= sl(2, IR)⊕ zsu(r) (Ek, Fk)⊥ ,
where ⊥ is taken with respect to the Killing form on su(r) ,
Im sDΦ
(
Aˆk, Bˆk
)
1
= g1 , and zg
(
Aˆk, Bˆk
)
= zu(r) (Ek, Fk) is purely
even. So in the end
dimH1 (Γ, g0) = 2 (g
∗ − 1) (3 + r2)+ 2dim zu(r) (Ek, Fk) ,
dimH1 (Γ, g1) = 8 (g
∗ − 1) r .
In contrast to the case m ≥ 1 here one can construct examples with
obstructions for extending a local super deformation of Γ to higher
degree of nilpotency.
4 local sheaf deformation
Throughout this section let X be a topological space and P a finite di-
mensional unital associative super algebra over a field K having a unique
maximal ideal m , mN = 0 for some N ∈ IN , and a canonical projection
#′ : P → P/m ≃ K . Let E be a sheaf of left-P-modules over X such that
locally
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E ≃ P ⊗ E
#′ ց 	 ւ#′⊗id
E
,
where E := E/mE , which is a sheaf of K-vectorspaces over X , and
#′ : E → E denotes the canonical projection. Then of course E can be given
by an open cover (Ui)i∈I of X , isomorphisms
E|Ui ≃ P ⊗ E|Ui
#′ ց 	 ւ#′⊗id
E|Ui
and transition functions
ϕij = id +Aij : P ⊗ E|Ui∩Uj → P ⊗ E|Ui∩Uj ,
i, j ∈ I , between them, where Aij : P ⊗ E|Ui∩Uj → m ⊗ E|Ui∩Uj are left-
P-linear maps. Obviously mN−1E∣∣
Ui∩Uj ⊏ kerAij , so these local isomor-
phisms glue together to a canonical global isomorphismmN−1E ≃ mN−1⊗E .
Lemma 4.1 Let d := dimE(X) <∞ . Then
d ≤ dimK E(X) ≤ d dimK P ,
and equivalent are
(i) dimK E(X) = d dimK P ,
(ii) there exist f1, . . . , fd ∈ E(X) such that
(
f#
′
1 , . . . , f
#′
d
)
is a basis of
E(X) ,
(iii) E(X) is a free P-module of rank d .
Furthermore if (ii) is valid then (f1, . . . , fd) is a P-basis of E(X) , and the
assignment fδ 7→ f#
′
δ , δ = 1, . . . , d , induces a P-module isomorphism
E(X) ≃ P ⊗ E(X)
#′ ց 	 ւ #′ ⊗ id
E(X)
.
Proof: The first inequality is of course trivial if m = 0 . For m 6= 0 let N ′ ∈ IN
be maximal such that mN
′ 6= 0 . Then mN ′ ⊗ E(X) = mN ′E(X) ⊏ E(X) ,
which proves the first inequality.
The second inequality, the implication (i) ⇒ (ii) and the last statement will
be proven by induction on N ∈ IN \ {0} . If N = 1 then m = 0 and all
statements are trivial.
Now assume mN+1 = 0 . Then define Q := P /mN , which has the unique
maximal ideal n := m
/
m
N , nN = 0 and Q/n ≃ K , and let ♮ : P → Q be
the canonical projection. Let E♮ := E /mNE and
♮ : E(X)→ E♮(X)
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be the linear map induced by the canonical sheaf projection E → E♮ . Its
kernel is mNE(X) = mN ⊗ E(X) . By induction hypothesis
dimK E♮(X) ≤ d dimK Q , and so
dimK E(X) ≤ d dimK Q+ d dimK mN = d dimK P ,
which proves the second inequality.
For proving the implication (i) ⇒ (ii) assume dimK E(X) = d dimK P .
Then since dimK P = dimK Q+ dimK mN ,
dimK
(
m
N ⊗ E(X)) = d dimK mN and dimK E♮(X) ≤ d dimK Q we see that
necessarily
♮ : E(X)→ E♮(X)
is surjective and dimK E♮(X) = d dimK Q . So by induction hypothesis and
surjectivity there exist f1, . . . , fd ∈ E(X) such that
(
f#
′
1 , . . . , f
#′
d
)
is a basis
of E(X) , which proves (ii) .
For proving the last statement let f1, . . . , fd ∈ E(X) such that(
f#
′
1 , . . . , f
#′
d
)
is a basis of E(X) . Then by induction hypothesis(
f ♮1, . . . , f
♮
d
)
is a Q-basis of E♮(X) . For proving that (f1, . . . , fd) spans
E(X) over P let F ∈ E(X) . Then there exist a1, . . . , ad ∈ P such that
F ♮ = a♮1f
♮
1 + · · · + a♮df ♮d ,
and so
∆ := F − a♮1f ♮1 − · · · − a♮df ♮d ∈ mNE(X) = mN ⊗ E(X) .
Since
(
f#
′
1 , . . . , f
#′
d
)
is a basis of E(X) we see that there exist
b1, . . . , bd ∈ mN such that
∆ = b1 ⊗ f#
′
1 + · · ·+ bd ⊗ f#
′
d = b1f1 + · · ·+ bdfd ,
and so
F = (a1 + b1) f1 + · · ·+ (ad + bd) fd .
For proving linear independence let a1, . . . , ad ∈ P such that
a1f1 + · · ·+ adfd = 0 .
Then a♮1f
♮
1 + · · ·+ a♮df ♮d = 0 in E♮(X) , and so a♮1 = · · · = a♮d = 0 . Therefore
a1, . . . , ad ∈ mN , and this means
0 = a1f1 + · · ·+ adfd = a1 ⊗ f#
′
1 + · · ·+ ad ⊗ f#
′
d .
Since f#
′
1 , . . . , f
#′
d are linearly independent overK we get a1 = · · · = ad = 0 .
Now (ii) ⇒ (iii) follows from the last statement, and (iii) ⇒ (i) is of course
trivial. 
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The crutial question is now: Given an element f ∈ E(X) , is it possible to
adapt f to the local deformation E of E , precisely, is it possible to construct
f˜ ∈ E(X) such that f˜#′ = f ?
Lemma 4.2 Assume that H1(X,E) = 0 . Then for all f ∈ E(X) there
exists f˜ ∈ E(X) such that f˜#′ = f .
Proof: via induction on N ∈ IN \ {0} . If N = 1 again the statement is
trivial.
Now assume mN+1 = 0 . Again define Q := P /mN with unique maximal
ideal n := m
/
m
N and canonical projection ♮ : P → Q . Let f ∈ E(X) .
Then by induction hypothesis there exists f˜ ′ ∈ E♮(X) such that f˜ ′#′ = f .
Since E♮ is given by local isomorphisms E♮ ≃ Q⊗E with transition functions
ϕ♮ij = id + A
♮
ij : Q ⊗ E|Ui∩Uj → Q ⊗ E|Ui∩Uj we see that f˜ ′ is given by
sections f |Ui − σ♮i ∈ Q ⊗ E|Ui , where σi ∈ m ⊗ E (Ui) , i ∈ I . Using
ϕ♮ij
(
f − σ♮i
)
= f − σ♮j on Ui ∩ Uj , an easy calculation shows that
aij := ϕij (f − σi)− f + σj ∈ mN ⊗ E (Ui ∩ Uj) ,
i, j ∈ I , define a cocycle in mN ⊗ Z1 ((Ui)i∈I , E) . Since by assumption
H1(X,E) = 0 we see that after maybe some refinement of the open cover
(Ui)i∈I we may assume that there exist τi ∈ mN ⊗E (Ui) , i ∈ I , such that
aij = τi−τj . Again an easy calculation shows that f−σi−τi ∈ P⊗E (Ui) ,
i ∈ I , glue together to an element f˜ ∈ E(X) having f˜#′ = f . 
5 Super automorphic forms for P-lattices
Let again P be as in section 3 and k ∈ Z . For g ∈P G , U ⊂ H open and
f ∈ O
((
g#U
)|r)
there is little hope that f
(
g
(
z
ζ
))
j
(
g,
z
ζ
)k
will lie
in O (U |r) . However,
|g,k : PC ⊠O
((
g#U
)|r)→ PC ⊠O (U |r) , f 7→ f (g( z
ζ
))
j
(
g,
z
ζ
)k
defines a Z2-graded PC-linear map, and so in particular we obtain a right
representation of GP on PC ⊠O (H |r) .
For defining super automorphic resp. cusp forms for a P-lattice Υ of G again
we have to describe boundedness resp. vanishing of a super function on the
super upper half plane H |r at a cusp of Υ#
∖
H . For this purpose let again
g0 ∈ G be of the form (1) in section 2.
Lemma 5.1 There exist series (Sn)n∈IN ∈ ININ and (Dn)n∈IN ∈
(
IRr×rdiag
)IN
such that
(i) limn→∞ Sn = +∞ , limn→∞Dn = 0 ,
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(ii) exp (2πiDn) = E
Sn
0 , e
πi trDn = εSn0 and therefore g
Sn
0 = expχn for all
n ∈ IN with χn := χdiagn + χnilpn ,
χdiagn := 2πi
(
1
2 trDn 1 0
0 Dn
)
, χnilpn :=
 0 Sn0 0 0
0 0
 ∈ g0 .
Proof: simple Dirichlet argument. 
Now let g˜0 ∈P G such that g˜0#′ = g0 .
Theorem 5.2 For large n ∈ IN :
(i) There exist unique χ˜n ∈ (P ⊗ g)0 such that χ˜n#
′
= χn and
g˜0
Sn = exp χ˜n . sAdg˜0 χ˜n = χ˜n , and [χ˜m, χ˜n] = 0 in the Lie algebra
(P ⊗ g)0 for all m,n ∈ IN large enough.
(ii) There exist P- super automorphisms Ωn of H |r such that Ω#
′
n = Id , for
all t ∈ IR
H |r Ωn−→ H |r
exp (tχn) ↓ 	 ↓ exp (tχ˜n)
H |r −→
Ωn
H |r
, and
H |r Ωn−→ H |r
g0 ↓ 	 ↓ g˜0
H |r −→
Ωn
H |r
.
Proof: Let n ∈ IN be so large that 12 trDn and all the entries of Dn lie in
] − 12 , 12 [ .
(i) For proving existence and uniqueness of χ˜n it suffices to show that
exp : C(2|r)×(2|r) → GL(2|r,C) is a local super diffeomorphism at χn , and
by the super inversion theorem it is even enough to show that sD exp (χn) is
bijective. But since χn is an ordinary point of g0 and a super differential at
an ordinary point involves the odd coordinates only in first order, we may
without loss of generality replace the odd coordinates of C(2|r)×(2|r) resp.
GL(2|r,C) by even ones and so instead show that
exp : C(2+r)×(2+r) → GL(2 + r,C) has bijective differential at
χn ∈ g0 →֒ C(2+r)×(2+r) . We use theorem 1.7 of chapter II section 1.4 in
[5], which says:
Let G be a Lie group with Lie algebra g . The exponential
mapping of the manifold g into G has the differential
D expX = D (lexpX)e ◦
1− e−adX
adX
(X ∈ g) .
As usual, g is here identified with the tangent space gX .
Hereby e denotes the unit element of the Lie group G , and lg denotes the
left translation on G with an element g ∈ G .
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Clearly adχn = adχdiagn
+ ad
χ
nilp
n
with nilpotent ad
χ
nilp
n
. ad
χ
diag
n
is diag-
onalizable and its eigenvalues are differences of the eigenvalues of χdiagn
and therefore ∈ ] − 2iπ, 2iπ[ . So 1−e−adχnadχn is trigonalizable with all
eigenvalues different from 0 , which shows that exp is indeed a local super
diffeomorphism at χn .
Now sAdg˜0 χ˜n ∈ (P ⊗ g)0 has relative body Adg0χn = χn , and
exp
(
sAdg˜0χ˜n
)
= g˜0 (exp χ˜n) g˜0
−1 = g˜0Sn .
Therefore by the uniqueness of χ˜n we see that sAdg˜0 χ˜n = χ˜n , and so g˜0
commutes with all exp (tχ˜n) , t ∈ IR . Furthermore let t ∈ IR be arbitrary.
Then sAdexp(tχ˜m)χ˜n ∈ (P ⊗ g)0 has relative body Adexp(tχm)χn = χn , and
exp
(
sAdexp(tχ˜m)χ˜n
)
= exp (tχ˜m) (exp χ˜n) exp (−tχ˜m) = g˜0Sn .
Again by the uniqueness of χ˜n we see that sAdexp(tχ˜m)χ˜n = χ˜n . So
[χ˜m, χ˜n] = 0 . 
(ii) Take any norm | | on the finite dimensional complex algebra(PC)(2|r)×(2|r) . Then there exists C > 0 such that |XY | ≤ C |X| |Y | for
all X,Y ∈ (PC)(2|r)×(2|r). Clearly χ˜n ∈ (P ⊗ g)0 ⊏ ((PC)(2|r)×(2|r))
0
, and
exp (tχ˜n) ∈P G , t ∈ IR , can be computed via ordinary exponential series
exp (tχ˜n) =
∞∑
m=0
1
m!
tmχ˜n
m ,
whose components are everywhere convergent power series in t since
|χ˜nm| ≤ Cm−1 |χ˜n| for all m ∈ IN . Let
exp (tχ˜n) =
 a(t) b(t) µ(t)c(t) d(t) ν(t)
ρ(t) σ(t) E(t)
 ∈ ((PC)(2|r)×(2|r))
0
[[t]] .
Then by (exp (tχ˜n))
#′ = exp (tχn) we see that c(t)
#′ = 0 and
d(t)#
′
= eπi trDnt . Therefore
1− e−πi trDnt (c(t)i+ d(t) + ν(t)ζ) ∈
(
m
C
⊠
∧
(Cr)
)
0
[[t]]
is nilpotent, more precisely its N -th power vanishes. Therefore all compo-
nents of
exp (tχ˜n)
(
i
ζ
)
=
1
c(t)i+ d(t) + ν(t)ζ
(
a(t)z + b(t) + µ(t)ζ
ρ(t)i+ σ(t) + E(t)ζ
)
= e−πi trDnt
N−1∑
m=0
(
1− e−πi trDnt (c(t)i + d(t) + ν(t)ζ))m ×
×
(
a(t)z + b(t) + µ(t)ζ
ρ(t)i+ σ(t) + E(t)ζ
)
∈
[(
PC ⊗
∧
(Cr)
)
0
⊕
(
PC ⊗
∧
(Cr)
)⊕r
1
]
[[t]]
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are everywhere convergent power series in t . Write
exp (tχ˜n)
(
i
ζ
)
=
(
f
η
)
(t, ζ) .
Then since
(
exp (tχ˜n)
(
i
ζ
))#′
= exp (tχn)
(
i
ζ
)
we see that
f(t, ζ)#
′
= t + i and η(t, ζ)#
′
= exp
(
2πit
(
Dn − 12trDn 1
))
ζ . Now define
the P- super automorphism Ω of H |r by(
f
η
)(
z − i, exp
(
2πi(z − i)
(
1
2
trDn 1−Dn
))
ζ
)
.
Then Ω#
′
= Id , and we prove that Ω fulfills the first commutative dia-
gramme, in other words it transforms the action of exp (tχn) into the action
of exp (tχ˜n) . Since the commutativity of the diagramme is equivalent to
the equality of two tuples of holomorphic functions on H it suffices to prove
its commutativity on the non discrete subset IR + i ⊂ H . So let t, u ∈ IR .
Then
Ω
(
exp (tχn)
(
u+ i
ζ
))
= Ω
(
u+ i+ t
exp (πit (2Dn − trDn 1)) ζ
)
=
(
f
η
)
(t+ u, exp (πiu (trDn 1− 2Dn)) ζ)
= exp ((t+ u)χ˜n)
(
i
exp (πiu (trDn 1− 2Dn)) ζ
)
= exp (tχ˜n) exp (uχ˜n)
(
i
exp (πiu (trDn 1− 2Dn)) ζ
)
= exp (tχ˜n)
(
f
η
)
(u, exp (πiu (trDn 1− 2Dn)) ζ)
= exp (tχ˜n)Ω
(
u+ i
ζ
)
.
Since finally g˜0 commutes with all exp (tχ˜n) , t ∈ IR ,
Ωn :=
1
Sn
∑
σ∈Z/SnZ
g˜0
σ ◦ Ω ◦ g−σ0
has all the desired properties. 
From now on we will heavily use that j
(
g,
z
ζ
)
= Ber sDg
(
z
ζ
) 1
2−r
for
all g ∈P G , and therefore we have to assume r 6= 2 .
Definition 5.3
(i) Let R > 0 and f ∈ PC ⊠O ({Im z > R}|r) such that f |g˜0 = f . Then
f |Ωn := f
(
Ωn
(
z
ζ
))
(Ber sDΩn)
k
2−r
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is invariant under |g0 . f is called bounded (vanishing) at i∞ iff f |Ωn is
bounded (vanishing) at i∞ in the sense of definition 2.1 (i) for almost
all n ∈ IN .
(ii) Let z0 ∈ ∂IP1H and γ ∈P G such that γ# ∈ N z0 \ {id} . Let U ⊂ H be
an open and γ#-invariant neighbourhood of z0 and f ∈ PC ⊗O
(
U |r
)
such that f |γ = f . Take some g ∈P G such that g#i∞ = z0 and either
g0 :=
(
g#
′
)−1
γ#
′
g#
′
or g0 :=
(
g#
′
)−1 (
γ#
′
)−1
g#
′
is of the form (1)
(in fact we always find ordinary elements in G providing this). Then
g˜0 := g
−1γg ∈P G resp. g˜0 := g−1γ−1g ∈P G has relative body g0 ,
and f |g is invariant under |g˜0 . Now f is called bounded (vanishing)
at z0 iff f |g is bounded (vanishing) at i∞ .
Observe that all powers (Ber sDΩn)
u , u ∈ IR , are well defined since
Ω#
′
= Id and so (Ber sDΩn)
#′ = 1 .
Of course we have to prove well-definedness in definition 5.3, which is
not at all trivial. For D =
 δ1 0. . .
0 δr
 ∈ IRr×rdiag and I ∈ ℘(r) let
trID :=
∑
i∈I δi . Then detI exp (2πiD) = e
2πitrID . Let us start with the
independence of (i) of the choices of the P- super automorphisms Ωn of H |r :
Let I ∈ ℘(r) . If ε−k−|I|0 detI E0 6= 1 then
∆I := min
{
|µ|
∣∣∣µ ∈ IR , e2πiµ = εk+|I|0 detI E−10 } > 0 .
Clearly trIDn − |I|+k2 trDn → 0 for n →∞ . The independence
is shown by the following lemma:
Lemma 5.4 Assume that n ∈ IN is so large that for all I ∈ ℘(r)∣∣∣∣trIDn − |I|+ k2 trDn
∣∣∣∣ <
{
1 if ε
−k−|I|
0 detI E0 = 1
Sn∆I if ε
−k−|I|
0 detI E0 6= 1
,
and let Ω be a P- super automorphism of H |r having Ω#′ = Id and com-
muting with all exp (tχn) , t ∈ IR . Let f ∈ O
({Im z > R}|r) be invariant
under |g0 . Then if f is bounded (vanishing) at i∞ so is f |Ω .
Proof: Let Ξ be the super automorphism of H |r given by(
z
exp
(
πi z
Sn
(2Dn − trDn 1)
)
ζ
)
. Then Ξ# = id , and straight forward
computations show that Ber sDΞ = e
pii(r−2) trDn
Sn
z ,
H |r Ξ−→ H |r
exp
(
tχnilpn
)
↓ 	 ↓ exp (tχn)
H |r −→
Ξ
H |r
,
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and f |Ξ = f |Ξ
(
z + 1
ζ
)
= f |Ξ
∣∣
expχnilpn
, where
f |Ξ := f
(
Ξ
(
z
ζ
))
e
piik trDn
Sn
z .
First we show that f is bounded (vanishing) at i∞ iff f |Ξ is bounded (van-
ishing) at i∞ .
Since |Ξ respects the splitting f =
∑
I∈℘(r) fIζ
I we may assume
without restriction that f = fIζ
I for some I ∈ ℘(r) and
fI ∈ O ({Im z > R}) . Then
f |Ξ = eπi
2trIDn−(|I|+k) trDn
Sn
zf .
First case: ε
−k−|I|
0 detI E0 = 1 . Then trIDn − |I|+k2 trDn < 1
by the assumption on n , and so since on the other hand
eπi(2trIDn−(|I|+k)trDn) =
(
ε
−k−|I|
0 detI E0
)Sn
= 1 we see that
trIDn − |I|+k2 trDn = 0 , and so f |Ξ = f .
Second case: ε
−k−|I|
0 detI E0 6= 1 . f |g0 = f implies
fI = ε
−k−|I|
0 detI E0 fI(z + 1) , and so by Fourier decomposition
we may assume without loss of generality that fI = e
2πiµz for
some µ ∈ IR , e2πiµ = εk+|I|0 detI E−10 . So
f |Ξ = eπi
(
2µ+
2trIDn−(|I|+k)trDn
Sn
)
z
ζI .
Assume f bounded at i∞ . Then µ ≥ 0 , and so µ ≥ ∆I .
Since trIDn − |I|+k2 trDn < Sn∆I by assumption on n , we have
2µ + 2trIDn−(|I|+k) trDn
Sn
> 0 and so f |Ξ is in fact even vanishing
at i∞ .
Conversely assume f not vanishing at i∞ . Then µ ≤ 0 , so
µ ≤ −∆I and therefore 2µ+ 2trIDn−(|I|+k) trDnSn < 0 . We see that
in this case f |Ξ is even not bounded at i∞ .
So replacing f by f |Ξ and Ω by Ξ−1 ◦ Ω ◦ Ξ we may assume without loss
of generality that f |
expχnilpn
= f , Ω#
′
= Id and Ω commutes with all
exp
(
tχnilpn
)
. A simple computation shows that then Ω must be of the
form (
z +
∑
J∈℘(r) aJζ
J
ζ +
∑
J∈℘(r) bJζ
J
)
,
all aJ ∈ mC , bJ ∈
(
m
C
)⊕r
of suitable parity, and therefore
Ber sDΩ = 1+
∑
J∈℘(r) cJζ
J with some cJ ∈ mC . So if we assume without
loss of generality that f = fIζ
I , I ∈ ℘(r) , fI ∈ O ({Im z > R}) , we obtain
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f |Ω =
N−1∑
m=0
f
(m)
I (z)
 ∑
J∈℘(r)
aJζ
J
mζ + ∑
J∈℘(r)
bJζ
J
I ×
×
1 + ∑
J∈℘(r)
cJζ
J
 k2−r ,
which is a linear combination over PC of expressions f (m)I (z)ζK ,
m ∈ {0, . . . , N − 1} , K ∈ ℘(r) . Therefore if f is bounded (vanishing) at
i∞ then so is f |Ω . 
The following lemma is of independent interest but will in particular show
that (i) is independent of the choice of the series (Sn)n∈IN and (Dn)n∈IN :
Lemma 5.5 There exists n0 ∈ IN such that for all n ≥ n0 : f is bounded
(vanishing) at i∞ iff f |Ωn is bounded (vanishing) at i∞ in the sense of
definition 2.1 (i).
Proof: We just have to show that for large m,n ∈ IN we can find a common
Ωm = Ωn . For this purpose let Ωn be given by theorem 5.2 (ii). Then since
all exp (tχ˜m) and exp (uχ˜n) , t, u ∈ IR commute, we see that
Ω′m := Ω
′
n :=
∫
IR/Z
exp (2πiσχ˜m) ◦ Ωn ◦ exp (−2πiσχm) dσ
fulfills at the same time all the desired properties of both Ωm and Ωn in
theorem 5.2 (ii). 
Now let us show the independence of (ii) of the choice of g ∈P G :
Let g ∈P G such that g′0 :=
(
g#
′
)−1
g0 g
#′ is again of the form
(1) with some ε′0 ∈ U(1) , E′0 ∈ U(r) diagonal, ε′20 = detE′0 .
Then ε′0 = ε0 and E
′
0 = PE0P
−1 with some permutation matrix
P ∈ U(r) . f |g is invariant under |g˜0′ , g˜0′ := g−1g˜0g , and we
have to prove that if f is bounded (vanishing) at i∞ then so is
f |g . Let the series (Sn)n∈IN and (Dn)n∈IN be given by lemma
5.1 with respect to g0 . Then the series (Sn)n∈IN and (D
′
n)n∈IN ,
D′n := PDnP−1 , and the resulting χ′n ∈ g0 , n ∈ IN , fulfill all
the desired properties of lemma 5.1 with respect to g′0 instead
of g0 .
Lemma 5.6 Let n ∈ IN be so large that all the entries of Dn lie
in
]−12 , 12[ . Then Ad(g#′)−1χn = χ′n .
Proof: Let E ∈ U(r) be the lower right corner of g#′ . Then
obviously EP commutes with E0 . So since exp (2πiDn) is
the lower right corner of gSn0 we see that EP stabilizes all
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eigenspaces of exp (2πiDn) . But all the eigenvalues of Dn lie in]−12 , 12[ . Therefore the eigenspaces of Dn are the same as the
ones of exp (2πiDn) . So EP even commutes with Dn . This
implies Adg#′hχn = χn , and so Ad(g#′)
−1χn = Adhχn = χ
′
n . 
Therefore for large n ∈ IN : χ˜n′ := sAd(g#′)−1 χ˜n are the unique
elements of (P ⊗ g)0 given by theorem 5.2 (i) with respect to
g˜0
′ and χ′n instead of g˜0 resp. χn , and Ω′n := g−1 ◦ Ωn ◦ g#
′
fulfill all the desired properties in theorem 5.2 (ii) with respect
to g˜0
′ and χ′n instead of g˜0 resp. χn . So we have to show
that f |Ωn bounded (vanishing) at i∞ implies f |g|Ω′n = f |Ωn |g#′
bounded (vanishing) at i∞ , which has already been proven for
the well-definedness of definition 2.1.
Of course (ii) still depends on the choice of γ . However, let us show that
(ii) is invariant under replacing γ ∈P G be some power γm , m ∈ Z \ {0} :
Without loss of generality we may assume that m ∈ IN\{0} and
g˜0 = γ
m . Let g :=
 1√m 00 √m 0
0 1
 ∈ G . Then
g′0 := g
−1γ#′g is again of the form 1 with some ε′0 ∈ U(1) ,
E′0 ∈ U(r) diagonal, ε′20 = detE′0 such that ε′m0 = ε0 and
E′m0 = E0 . Let the series (Sn)n∈IN and (Dn)n∈IN be given by
lemma 5.1 with respect to g0 . Then the series (S
′
n)n∈IN given by
S′n := mSn and (Dn)n∈IN and the resulting χ
′
n , n ∈ IN , fulfill
lemma 5.1 with respect to g′0 .
Furthermore let χ˜n and Ωn be given by theorem 5.2 with re-
spect to g˜0 and χ˜n
′ with respect to g˜0′ . Then we obtain
χ˜n
′ = sAdg−1 χ˜n , and Ω′n := g−1 ◦ Ωn ◦ g fulfills all the de-
sired properties in theorem 5.2 (ii) with respect to g˜0
′ . So we
have to show that f |g|Ω′n = f |Ωn |g is bounded (vanishing) at i∞
iff so is f |Ωn , which is quite obvious.
Let Υ be a P-lattice of G and Υ0 denote the kernel of the body map
Υ→ AutH or equivalently the preimage of
(
Υ#
′
)
0
in Υ under #
′
.
Assume γ ∈ Υ . Then definition 5.3 (ii) is even invariant under replacing
γ by another element η ∈ Υ having η# = γ# in the case where f is also
invariant under |η , which is a trivial consequence of the invariance of (ii)
under replacing γ ∈P G be some power γm and the following lemma.
Lemma 5.7 Let γ, η ∈ Υ having γ# = η# . Then there exists some
m ∈ IN \ {0} such that γm = ηm .
Proof: Clearly
(
γlη−l
)#
= id and so γlη−l ∈ Υ0 for all l ∈ IN . But Υ0 is
finite, so there exist l, l′ ∈ IN such that l > l′ and γlη−l = γl′η−l′ . Taking
m := l − l′ yields γm = ηm . 
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Now we are ready for giving the definition of super automorphic and super
cusp forms for the P-lattice Υ .
Definition 5.8 (super automorphic and super cusp forms for Υ )
Let f ∈ PC ⊗O (H |r) . f is called a super automorphic (cusp) form for Υ
of weight k iff
(i) f |γ = f for all γ ∈ Υ ,
(ii) f is bounded (vanishing) at all cusps z0 ∈ Υ#
∖
∂IP1H of Υ
#
∖
H in
the sense of definition 5.3.
The Z2-graded PC-module of super automorphic (cusp) forms for Υ of
weight k is denoted by sMk(Υ) (resp. sSk(Υ) ). In general these spaces do
not have a canonical Z-grading!
As a trivial observation let us remark that if g ∈P G then
sMk(Υ)
∼→ sMk
(
g−1Υg
)
, f 7→ f |g is a graded isomorphism mapping
sSk(Υ) to sSk
(
g−1Υg
)
. Furthermore (f |g)#
′
= f#
′
∣∣∣
g#
′
for all
f ∈ PC⊠O (g#U |r) , U ⊂ H open, and g ∈P G , so in particular #′ restricts
to a linear map
#′ : sMk(Υ)→ sMk
(
Υ#
′
)
mapping sSk(Υ) to sSk
(
Υ#
′
)
.
From now on let Γ ⊏ G be a lattice and k2 ∈ Z be given by lemma 2.7. We
may assume k2 to be independent of the choice of ρ ∈ {0, . . . , r} by taking
the maximum over all ρ .
Theorem 5.9 (main theorem) For any P-lattice Υ of G with relative
body Γ and weight k ≥ k2 we have Z2-graded PC-module isomorphisms
sSk(Υ) ≃ PC ⊗ sSk(Γ)
∩ 	 ∩
sMk(Υ) ≃ PC ⊗ sMk(Γ)
#′ ց 	 ւ#′⊗id
sMk(Γ) .
We will show that this is a special case of the situation discussed in section
4 with K := C and PC instead of P .
Let us again briefly discuss example 2.3 (ii): In both cases
sdim H1 (Γ, g) = (1, 2) . Let Υ be a P-lattice ofG with Υ#′ = Γ .
In both cases we have indeed a Z2-graded PC-module isomor-
phism
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sMk(Υ) ≃ PC ⊗ sMk(Γ)
#′ ց 	 ւ#′⊗id
sMk(Γ) ,
k = 1 in the first and k = 0 in the second case. This is evident
applying the proof of theorem 5.9, in particular lemma 5.10 and
lemma 4.2, to this special situation using the fact that
H1
(
E01
)
= H1
(
E11
)
= 0 in the first and H1
(
E00
)
= H1
(
E10
)
= 0
in the second case. In particular we see that there exists in the
first case η˜2 ∈ sM1(Υ) even with η˜2
#′
= η2 and in the second
case η˜2ζ ∈ sM0(Υ) odd with η˜2ζ
#′
= η2ζ .
Now define the sheaves Fk →֒ Ek of Z2-graded PC-modules on X as
Ek(U) :=
{
f ∈ PC ⊗O
(
π−1X (U)
|r
) ∣∣∣ f |γ = f for all γ ∈ Υ ,
f bounded at all cusps z0 ∈ U of Γ#\H
}
and
Fk(U) :=
{
f ∈ PC ⊗O
(
π−1X (U)
|r
) ∣∣∣ f |γ = f for all γ ∈ Υ ,
f vanishing at all cusps z0 ∈ U of Γ#\H
}
for all U ⊂ X open. Recall that πX : H → Γ#
∖
H →֒ X denotes the
canonical projection. Clearly sMk(Υ) = Ek(X) and sSk(Υ) = Fk(X) .
#′ induces a graded sheaf projection #
′
: Ek → Ek/mEk ≃ Γhol (♦, Ek)
restricting to a sheaf projection Fk → Fk/mFk ≃ Γhol(♦, Fk) , where
Ek :=
⊕r
ρ=0E
ρ
k and Fk :=
⊕r
ρ=0 F
ρ
k → X denote the holomorphic vector
bundles from section 2.
Lemma 5.10 Locally we have Z2-graded PC-module isomorphisms
Fk ≃ PC ⊗ Γhol (♦, Fk)
∩ 	 ∩
Ek ≃ PC ⊗ Γhol (♦, Ek)
#′ ց 	 ւ#′⊗id
Γhol (♦, Ek) .
Proof: First case: z0 ∈ H . Then Γz0 :=
{
γ ∈ Γ ∣∣ γ#z0 = z0} ⊏ Γ is
a finite subgroup. Since the action of AutH is proper, there exists an
open and (Γz0)#-invariant neighbourhood U ⊂ H of z0 such that πX(U)
is an open neighbourhood of z0 in X and πX induces a biholomorphic map
Γz0\U ≃ πX(U) . Via this biholomorphic map we obtain a graded sheaf
homomorphism ϕ from Ek|πX(U) = Fk|πX(U) to
PC ⊗ Γhol
(
♦, Ek|πX(U)
)
= PC ⊗ Γhol
(
♦, Fk|πX(U)
)
respecting #
′
given by
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ϕV : Ek(V )→ PC ⊗ Γhol (V,Ek) , f 7→ 1|Γz0 |
∑
γ∈Γz0
f |γ
for all V ⊂ πX(U) open, where we use the canonical embeddings
Ek(V ),PC ⊗ Γhol (V,Ek) →֒ PC ⊠O
((
π−1X (V ) ∩ U
)|r)
.
For proving injectivity of ϕV , V ⊂ U open, let f ∈ Ek(V ) \ {0} and
n ∈ IN be maximal such that f ∈ (mn)C ⊗ O (V |r) . Then in particular
ϕV (f) ≡ f 6≡ 0 mod
(
m
n+1
)C ⊗O (V |r) , which shows that ϕV (f) 6= 0 .
Now assume that ϕV is not surjective for some V ⊂ πX(U) open and let
n ∈ IN be maximal with the property that there exists
h ∈ (mn)C ⊗ Γhol (V,Ek) \ Im ϕV . Then with
Υz0 :=
{
γ ∈ Υ
∣∣∣ γ#′ ∈ Γz0 } ⊏ Υ we see that
f :=
1
|Γz0 |
∑
γ∈Υz0
h|γ ∈ (mn)C Ek (πX(V ))
and f ≡ h mod (mn+1)C ⊗ O (V |r) . Therefore h − ϕV (f) ≡ 0
mod
(
m
n+1
)C ⊗ Γhol (V,Ek) . So maximality of n implies
h− ϕV (f) ∈ Im ϕV , which is a contradiction to the linearity of ϕV .
Second case: z0 ∈ ∂IP1H cusp of Γ#
∖
H . Let γ ∈ Υ such that γ# generates
N z0 ∩ Γ# . Again there exists an open and γ#-invariant neighbourhood
U ⊂ H of z0 = i∞ such that πX(U) ∪
{
i∞} is an open neighbourhood of
i∞ in X , and πX induces a biholomorphic map
〈
γ#
〉∖
U ≃ πX(U) .
After applying |g to the sections of both the sheaf Ek and the vector bundle
Ek with a suitable g ∈ G we may assume without loss of generality that
z0 = i∞ and g0 := γ#′ ∈ Γ is of the form (1). Define g˜0 := γ . Let the
P-isomorphisms Ωn , n ∈ IN large, be given by theorem 5.2 (ii) and n0 ∈ IN
be given by lemma 5.5. Again we obtain a graded sheaf homomorphism
ψ from Ek|πX(U)∪{i∞} to PC ⊗ Γhol
(
♦, Ek|πX(U)∪{i∞}
)
respecting #
′
and
mapping Fk|πX(U)∪{i∞} to PC ⊗ Γhol
(
♦, Fk|πX(U)∪{i∞}
)
given by
ψV : Ek(V )→ PC ⊗ Γhol (V,Ek) , f 7→ 1|Γ0|
∑
η∈Γ0
f |Ωn0
∣∣
η
for all V ⊂ πX(U) ∪
{
i∞} open, where again we use the canonical embed-
dings Ek(V ),PC ⊗ Γhol (V,Ek) →֒ PC ⊠O
((
π−1X (V ) ∩ U
)|r)
. Injectivity of
all ψV is proven in a similar way to the case z0 ∈ H .
Again assume that ψV is not surjective (resp. the preimage of
PC ⊗ Γhol (V, Fk) under ψV does not lie in Fk(V ) ) for some
V ⊂ πX(U)∪
{
i∞} open, and let n ∈ IN be maximal with the property that
there exists h ∈ (mn)C ⊗ Γhol (V,Ek) \ Im ψV
(resp. h ∈ (mn)C ⊗ Γhol (V, Fk) \ ψV Fk(V ) ). Then
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f :=
1
|Γ0|
∑
η∈Υ0
h|Ω−1n0
∣∣∣
η
∈ (mn)C Ek(V ) ,
where h|Ω−1n0 := h
(
Ω−1n
z
ζ
)(
Ber sDΩ−1n
) k
2−r .
Let us show that indeed f is bounded (vanishing) at i∞ if
i∞ ∈ V and h ∈ (mn)C ⊗ Γhol (V,Ek)
(resp. h ∈ (mn)C ⊗ Γhol (V, Fk) ): By lemma 5.5 clearly h|Ω−1n0 ,
which is invariant under |γ , is bounded (vanishing) at i∞ . Now
let η ∈ Υ0 . Then η# = id and so η−1γη ∈ Υ has body γ# .
So h|Ω−1n0
∣∣∣
η
, which is invariant under |η−1γη , is clearly bounded
(vanishing) at i∞ .
Again f ≡ h mod (mn+1)C ⊗ O (V |r) . Therefore h − ψV (f) ≡ 0
mod
(
m
n+1
)C ⊗ Γhol (V,Ek) . So again h − ψV (f) ∈ Im ψV (resp.
h − ψV (f) ∈ ψV Fk(V ) ), which is a contradiction to the linearity of ψV .
Therefore all ψV , V ⊂ πX(U) open, are surjective. 
Finally for proving theorem 5.9: H1 (Ek) ,H
1 (Fk) = 0 by the choice of
k . Let (f1, . . . , fd) be a graded basis of sMk(Γ) = H
0 (Ek) such that
(f1, . . . , fd′) is a basis of sSk(Γ) = H
0 (Fk) . Then by lemma 4.2 there exist
f˜1, . . . , f˜d′ ∈ Fk(X) = sSk(Υ) , f˜d′+1, . . . , f˜d ∈ sMk(Υ) such that f˜δ#
′
= fδ
for all δ = 1, . . . , d . Since #
′
is graded, after applying the projections onto
the even resp. odd summand of sMk(Υ) to f˜δ , δ = 1, . . . , d , we may assume
without restriction that f˜δ is graded of the same parity as fδ , δ = 1, . . . , d .
Therefore the PC-module isomorphism
sMk(Υ)→ PC ⊗ sMk(Γ)
given by the assignment f˜δ 7→ fδ is graded and has all the desired proper-
ties. 
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